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1. Introduction
The general form of the seventh order KdV (KdV7) [2] reads
ut + au
3ux + bu
3
x + cuuxuxx + du
2uxxx + eu2xu3x + fuxu4x + guu5x + u7x = 0. (1.1)
The seventh-order KdV equation has been introduced by Pomeau et al. [1] for discussing the structural stability
of KdV equation under a singular perturbation. Some particular cases of Eq. (1.1) are :
• Seventh-order Sawada-Kotera-Ito equation [2] ( a = 252, b = 63, c = 378, d = 126, e = 63, f = 42,
g = 21 ) :
ut + 252u
3ux + 63u
3
x + 378uuxuxx + 126u
2uxxx + 63u2xu3x + 42uxu4x + 21uu5x + u7x = 0. (1.2)
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• Seventh-order Lax equation [2] ( a = 140, b = 70, c = 280, d = 70, e = 70, f = 42, g = 14 ) :
ut + 140u
3ux + 70u
3
x + 280uuxuxx + 70u
2uxxx + 70u2xu3x + 42uxu4x + 14uu5x + u7x = 0. (1.3)
• Seventh-order Kaup-Kupershmidt equation [2] ( a = 2016, b = 630, c = 2268, d = 504, e = 252,
f = 147, g = 42 ) :
ut + 2016u
3ux + 630u
3
x + 2268uuxuxx + 504u
2uxxx + 252u2xu3x + 147uxu4x + 42uu5x + u7x = 0. (1.4)
In the next sections we obtain some exact solutions for the seventh-order Kaup-Kupershmidt equation (1.4).
2. Soliton solutions by the Cole-Hopf transformation
Some nonlinear pse’s in the variable u = u(x, t) may be solved via the substitution
u(x, t) = A∂xx log(1 + f(x, t)) +B, (2.1)
where A and B are some constants and f(x, t) is a new unknown function. Eq. (2.1) is called a generalized
Cole-Hopf transformation [3][4]. We will solve Eq. (1.4) by using (2.1) for the special choice
f(x, t) = exp(kx− ct+ δ),
being c, k and δ some constants. Now, we make the substitution
u(x, t) = A∂xx log(1 + exp(kx− ct+ δ)) +B (2.2)
into (1.4). We obtain a polynomial equation in the variable ζ = exp(kx − ct+ δ). Equating the coefficients of
the different powers of ζ to zero, we obtain the following algebraic system :
• −Ak9 − 42ABk7 − 504AB2k5 − 2016AB3k3 +Ack2 = 0.
• Ak9 + 42ABk7 + 504AB2k5 + 2016AB3k3 − Ack2 = 0.
• −441A2k9+247Ak9−3276A2Bk7+2310ABk7−6048A2B2k5+3528AB2k5−10080AB3k3+5Ack2 = 0.
• 441A2k9− 247Ak9+3276A2Bk7− 2310ABk7+6048A2B2k5− 3528AB2k5+10080AB3k3− 5Ack2 = 0.
• −3402A3k9+10143A2k9−4293Ak9−6048A3Bk7+15876A2Bk7−7938ABk7−18144A2B2k5+13608AB2k5−
18144AB3k3 + 9Ack2 = 0.
• 3402A3k9−10143A2k9+4293Ak9+6048A3Bk7−15876A2Bk7+7938ABk7+18144A2B2k5−13608AB2k5+
18144AB3k3 − 9Ack2 = 0.
• −2016A4k9+18774A3k9−40320A2k9+15619Ak9−6048A3Bk7+19152A2Bk7−10290ABk7−12096A2B2k5+
9576AB2k5 − 10080AB3k3 + 5Ack2 = 0.
• 2016A4k9−18774A3k9+40320A2k9−15619Ak9+6048A3Bk7−19152A2Bk7+10290ABk7+12096A2B2k5−
9576AB2k5 + 10080AB3k3 − 5Ack2 = 0.
Solving this systems gives
A =
1
2
, B = −k
2
24
, c = −k
7
48
. (2.3)
Therefore, a one-soliton solution of (1.4) is given by
u0(x, t) = −
(
1− 10e tk
7
48
+xk+δ + e
tk
7
24
+2xk+2δ
)
k2
24
(
1 + e
tk7
48
+xk+δ
)2 , (2.4)
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which simplifies to
u0(x, t) = −
k2
24
+
1
4(1 + cosh
(
kx+ k
7
48 t+ δ
)
)
. (2.5)
3. Exact solutions via two rational hyperbolic ansatze
Using the wave transformation
u(x, t) = v(ξ), ξ = x+ λt, (3.1)
where λ is a constant, Eq. (1.4) becomes the nonlinear ode
2016v′(ξ)u(ξ)3 + 504v(3)(ξ)v(ξ)2 + 2268v′(ξ)v′′(ξ)v(ξ) + 42v(5)(ξ)v(ξ) + 630v′(ξ)3+
λv′(ξ) + 252v′′(ξ)v(3)(ξ) + 147v′(ξ)v(4)(ξ) + v(7)(ξ) = 0.
(3.2)
We shall find solutions of Eq. (3.2) by using two ansatze:
• The tanh–coth ansatz:
v(ξ) = p+ a tanh(µξ) + b coth(µξ) + c tanh2(µξ) + d coth2(µξ) (3.3)
• A sinh–cosh rational ansatz:
v(ξ) = p+
k
1 + c sinh(µξ) + d cosh(µξ)
, (3.4)
where a, b, c, d, k, p and µ are constants. Some times, by replacing µ by
√
−1µ, we obtain periodic solutions.
3.1. Solutions by the tanh–coth ansatz. We change the tanh and coth functions to their exponential form
and then we substitute (3.3) into (3.2). We obtain a polynomial equation in the variable ζ = exp(µξ). Equating
the coefficients of the different powers of ζ to zero results in an algebraic system in the variables a, b, c, d, p, λ
and µ. Solving it with the aid of a computer, we obtain following solutions of (1.4) :
• a = 0, b = 0, c = 0, d = −µ
2
2 , p =
µ2
3 , λ =
4µ6
3 :
u1(x, t) =
µ2
3
− µ
2
2
coth2
(
µ
(
x+
4µ6
3
t
))
.
u2(x, t) = −
µ2
3
− µ
2
2
cot2
(
µ
(
x− 4µ
6
3
t
))
.
• a = 0, b = 0, c = −µ
2
2 , d = 0, p =
µ2
3 , λ =
4µ6
3 :
u3(x, t) =
µ2
3
− µ
2
2
tanh2
(
µ
(
x+
4µ6
3
t
))
.
u4(x, t) = −
µ2
3
− µ
2
2
tan2
(
µ
(
x− 4µ
6
3
t
))
.
• a = 0, b = 0, c = −µ
2
2 , d = −
µ2
2 , p =
µ2
3 , λ =
256µ6
3 :
u5(x, t) =
µ2
3
− µ
2
2
coth2
(
µ
(
x+
256µ6
3
t
))
− µ
2
2
tanh2
(
µ
(
x+
256µ6
3
t
))
.
u6(x, t) = −
µ2
3
− µ
2
2
cot2
(
µ
(
x− 256µ
6
3
t
))
− µ
2
2
tan2
(
µ
(
x− 256µ
6
3
t
))
.
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3.2. Solutions by a sinh–cosh rational ansatz. We change the sinh and cosh functions to their exponential
form and then we substitute (3.4) into (3.2). As a result, we obtain a polynomial equation in the variable
ζ = exp(µξ). Equating the coefficients of the different powers of ζ to zero results in an algebraic system in the
variables c, d, k, p, λ and µ. Solving it with the aid of a computer yields following solutions of (1.4) :
• c = 0, d = −1, k = µ
2
4 , p = −
µ2
24 , λ =
µ6
48 :
u7(x, t) = −
µ2
24
+
µ2
4
(
1− cosh
(
µ
(
x+ µ
6
48 t
))) .
u8(x, t) =
µ2
24
− µ
2
4
(
1− cos
(
µ
(
x− µ648 t
))) .
• c = 0, d = 1, k = µ
2
4 , p = −
µ2
24 , λ =
µ6
48 :
u9(x, t) = −
µ2
24
+
µ2
4
(
1 + cosh
(
µ
(
x+ µ
6
48 t
))) .
u10(x, t) =
µ2
24
− µ
2
4
(
1 + cos
(
µ
(
x− µ648 t
))) .
• c = −
√
−1, d = 0, k = µ
2
4 , p = −
µ2
24 , λ =
µ6
48 :
u11(x, t) = −
µ2
24
+
µ2
4
(
1−
√
−1 sinh
(
µ
(
x+ µ
6
48 t
))) .
u12(x, t) =
µ2
24
− µ
2
4
(
1 + sin
(
µ
(
x− µ648 t
))) .
• c =
√
−1, d = 0, k = µ
2
4 , p = −
µ2
24 , λ =
µ6
48 :
u13(x, t) = −
µ2
24
+
µ2
4
(
1 +
√
−1 sinh
(
µ
(
x+ µ
6
48 t
))) .
u14(x, t) =
µ2
24
− µ
2
4
(
1− sin
(
µ
(
x− µ648 t
))) .
• c =
√
d2 − 1, k = mu24 , p = −
µ2
24 , λ =
µ6
48 :
u15(x, t) = −
µ2
24
+
µ2
4
(
1 + d cosh
(
µ
(
x+ µ
6
48 t
))
+
√
d2 − 1 sinh
(
µ
(
x+ µ
6
48 t
))) .
u16(x, t) =
µ2
24
− µ
2
4
(
1 + d cos
(
µ
(
x− µ648 t
))
+
√
1− d2 sin
(
µ
(
x− µ648 t
))) .
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• c = −
√
d2 − 1, k = µ
2
4 , p = −
µ2
24 , λ =
µ6
48 :
u17(x, t) = −
µ2
24
+
µ2
4
(
1 + d cosh
(
µ
(
x+ µ
6
48 t
))
−
√
d2 − 1 sinh
(
µ
(
x+ µ
6
48 t
))) .
u18(x, t) =
µ2
24
− µ
2
4
(
1 + d cos
(
µ
(
x− µ648 t
))
−
√
1− d2 sin
(
µ
(
x− µ648 t
))) .
4. Conclusions
We obtained solutions for the seventh-order KK equation (1.4) by using three distinct methods. These
methods are direct and effective and they are applicable to solve other seventh-order KdV equations. We think
that the results given here are new in the literature.
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